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Abstract
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The field of Statistics provides methods for modeling and understanding 
data and making decisions in the presence of uncertainty. When 
examining response functions, variation present in the input variables will 
be transmitted via the response function to the output variables. This 
phenomenon can potentially have significant impacts on the uncertainty 
associated with results from subsequent analysis. George Box recognized 
the importance of uncertainty in experimental variables and the associated 
transmitted variation. This presentation will examine contributions of 
George Box in this area and work inspired by these concepts. 
Transmission of variation, its impact on designed experiments, and a 
method for identifying and estimating sources of transmitted variation in 
certain settings will be discussed.



Happy Birthday, George!

“Statistics is, or should be, about 
scientific investigation and how to do 
it better, but many statisticians believe 
it is a branch of mathematics.”   
– George Box
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George’s Legendary Presentations

1998 ASA-IMS Spring Research Conference, Santa Fe, New Mexico



Introduction
• Statistics is sometimes referred to as the 

Science of Uncertainty. 
• In recent years, increasing interest in 

uncertainty has led to the interdisciplinary 
field of Uncertainty Quantification (UQ) which 
focuses on understanding uncertainty 
throughout the modeling process.

• Modern Statistics and UQ draw on many 
statistical ideas that have evolved over the 
past century, including a number of 
contributions by George Box.
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George Box’s Contributions
to Statistics and Uncertainty
• Distribution Theory, Transformation of Variables, and 

Nonlinear Estimation
• Experimental Design and Response Surface 

Methodology
• Time Series Analysis and Forecasting
• Statistical Inference, Robustness, and Modeling Strategy
• Application of Statistics – Theory and Practice
• Advances in Quality and Productivity Improvement
• Statistical Control by Monitoring and Adjustment

Slide 6

“The Collected Works of George Box,” ed. By George Tiao (1985)



“All models are wrong, 
but some are useful.”
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Box, G.E.P. (1979), “Robustness in the Strategy of Scientific 
Model Building, in Robustness in Statistics, ed. By R. L. Launer
and G. N. Wilkinson.



Ideas explored by Box and 
Wendelberger on Uncertainty 
and Transmitted Variation

• This work originally appeared in a U. of 
Wisconsin-Madison Ph.D. thesis supervised 
by George Box (Joanne R. Wendelberger, 
1991) and two articles that appeared in the 
JSM Proceedings (1992, 1993).

• Joanne R. Wendelberger, “Uncertainty in 
Designed Experiments,” appeared in Quality 
Engineering (2010) in honor of George’s 90th

Birthday.
• Joanne R. Wendelberger, “Variation in 

Controlled Experimental Variables,” 
appeared in a special issue of Quality 
Technology & Quantitative Management, A 
Tribute to George Box, (2015).
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Celebrating the Journey!
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Commencement, UW-Madison
December, 1991



Uncertainty in Designed Experiments
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What happens to designed experiments 
in the presence of variation in the 
experimental inputs?



Design of Experiments
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Latin Square Graeco-Latin Square



The Famous Paper Helicopters
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G.E.P. Box and Patrick Y. T. Liu, “Statistics as a Catalyst to 
Learning by Scientific Method Part I – An Example,” JQT (1999)



Industrial Coatings Experiment
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• Test panels coated under 
different experimental 
conditions

• Several different experimental 
factors

• Multiple responses 
associated with the quality of 
the coating

• Temperature difficult to control
• Humidity difficult to control
Joanne Wendelberger, UW-Madison Beer & Statistics Seminar, 1987



Polymer Experiment at Los Alamos

Polymer samples prepared at 
varying temperatures and   
relative humidity values.
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T

Design Region

Weigle, J. C. (2006)
Wendelberger, J. R. (2010)
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Transmitted Variation
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Transmitted Variation

Uncertainty in an 
input variable x is 
transmitted to an 
output variable y via 
an underlying 
response function.
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Uncertainty in Designed Experiments
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What happens to designed experiments 
in the presence of variation in the 
experimental inputs?
• The shape of the design region is 

changed. This can affect properties of 
the experimental design such as 
orthogonality.

• Variation in controlled experimental 
variables induces variation in the 
measured responses which can impact 
resulting estimates and their associated 
efficiency.



Early Work on Linear Models,
Subject to Input Error:
• Berkson (1950)
• Madansky (1959)
• Box (1963)
• Extensive errors in variables literature
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• Taguchi (1985), inner and outer arrays, S/N ratios
• Leon et al (1987), PERMIAs
• Box and Fung (1986), recognized relationship 

between response variance and gradient vector

Dispersion and Modeling of Variances



Variances are Variable!

Need 801 samples to obtain a Coefficient of Variation of 5%.
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Transformations

• Bartlett and Kendall (1946) examined the use 
of a log transformation to stabilize variances.

• Box and Cox (1964) proposed a class of 
power transformations that are widely used in 
diverse application areas.
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Propagation of Error
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Suppose                     have independent errors 

See Deming (1943), Ku (1969).

Then, a first order variance approximation is given by

where

and

with variances 



Three Cases
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Consider three cases:

1. On-target experiment

2. Experiment with known deviations

3. Experiment with unknown deviations



Transmitted Variation

• Can compare relative efficiencies of on-target, 
known deviation, and unknown deviation 
cases.

• Can use variation in the response to identify 
sources of transmitted variation if underlying 
function has sufficient curvature.

• Can use maximum likelihood to obtain 
estimates of location and dispersion effects, 
which can then be used to estimate sources 
of transmitted variation.
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Impact
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Case 1:  On-Target Case 2:  Unknown Deviations

Suppose    has mean 0 and variance      , and 
is a deviation matrix where entries in column    are independent 

with mean 0 and variance      .  



Impact
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Case 3:  Known DeviationsCase 2:  Unknown Deviations

Now suppose that the actual values                            are known.



Relative Efficiencies
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Impact of Unknown Deviations
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Identification
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Use the following error transmission model, with response function 
(or quadratic approximation) g, and an additive error term E.

which can be estimated using an iterative nonlinear least squares algorithm 
to obtain estimates of the error variances associated with each input.
i.e., use propagation of error in reverse.

Preliminary estimates of the parameters may be obtained using the 
untransformed model

and simple linear regression.

Resulting estimates and approximate standard errors are used to 
tentatively identify the model.



Estimation

• After tentatively identifying the model, can 
employ maximum likelihood techniques (or other 
methods) to obtain final estimates.

• Estimate the location and dispersion parameters.
• Then use the location and dispersion estimates 

and the transmitted variation model to estimate 
the sources of transmitted variation.

• Can compute standard errors from the 
asymptotic likelihood theory, or other techniques.
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Dempster (1980), Efron (1978)



Estimation Example
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Estimation Example
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Estimation Example
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Iteratively Reweighted Least Squares Procedure



Summary:  
Errors and Uncertainty in 
Designed Experiments
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• Deviations in the factor settings lead to changes 
in the experimental region.

• Variation in the factor settings will be 
transmitted to the response variable.

• With sufficient data, unknown deviations can be 
identified and estimated for response functions 
with nonzero second derivative.



Current Directions in Statistics 
and Uncertainty Quantification

• Computer experiments and the rise of UQ
• Challenges of Functional Data
• GASP Models and Discrepancy Analysis
• Uncertainty and Exascale Computing, propagating 

uncertainty through workflows
• Computing with Confidence                                    

using c-boxes and p-boxes                                    
(Ferson, 2013)                             

• Contour Boxplots, characterizing uncertainty in 
ensembles using data depth (Whittaker, 2013)
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And the Legacy Continues…

Grace Wahba

James Wendelberger
Los Alamos National Lab
Ph.D. Wisconsin, 1982

George Box

Joanne Wendelberger
Los Alamos National Lab
Ph.D., Wisconsin, 1991

Spline Elizabeth Smyth
(Wendelberger)
Marquette
PA Program

Barbara Wendelberger
Berry Consultants
Ph.D., Wisconsin, 2016

Laura Wendelberger
North Carolina State
M.S., 2019
Ph.D. in progress

Kakuro and Sudoku

Henley
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